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1. Phys. A: Math, Gen. 27 (1994) L733-L738. Printed in the UK
LETTER TO THE EDITOR

The fractional-graded extension of the Virasoro algebrat

Jarostaw Gawrylczyk.

Institute of Theoretical Physics, University of Wroctaw, pl. Maksa Boma 9, 50-204 Wroctaw,
Poland

Received @ August 1994

Abstract. Extension of the Virasoro algebra by the infinite number of generators with
homogeneous fractional gradation and the conformal dimensions 1 < A < 2 is given. We
obtain the new families of centrally extended, constrained algebras, describing the conformal
series of dimension [(k/N)+ 1], ¥eNand ke {1,..., N}.

It is well known that the conformal invariance in two dimensions plays a crucial role in the
construction of the two-dimensional field-theoretic models [1] which are employed in the
field-theoretic description of string models. D = 2 conformal symmetry algebra is infinite-
dimensional and is described by the product of two copies of the Virasoro algebra [2].

‘We recall that the Virasoro algebra is a central extension of the complexification of the
Lie algebra Vect S! of (real) vector fields on the circle §':

[
(Lws Lnl = (1 = 1) Lppn + Tom(* = Dom—n  mn€Z (1)

where ¢ denotes a central element such that [L,,¢] = 0. The systematic study of the
properties of (1) are found, for example, in [3,4].

The Virasoro algebra admits many extensions and generalizations, which lead to various
interesting two-dimensional models—for example the bosonic W-algebras (Wy, W, Wee,
Weo), N-extended superalgebras, twisted affine conformal algebras, parafermion algebras
ete. (For a review see, for example [3] and references therein).

The Virasoro generators can be described by the conformal field of the dimension 2.
In the generalizations listed above one considers the additional set of the fields of other
conformal dimensions (integer, half-integer or fractional) and finds the conditions of the
associativity of the extended algebraic system. The rule selecting new generators is also
governed by the requirement of additional symmetries (e.g. supersymmetries).

In this letter we propose the extension of the Virasoro algebra (1) by adding the infinite
number of the generators V:;ﬁz with the fractional gradation of their conformal dimension
to the Virasoro generators L,,. In this way, we get the infinite number of the families of
the extended Virasoro algebras, parametrized by two integer parameters M and N € N.

The generalization to the multi-index parametrization of the Virasoro generators has
also been considered earlier by Fairlie et af [6]. Our construction is, however, different
than theirs because the fractional-graded Virasoro algebra is generated by the semi-direct

1 Supported by KBN grant 106/P3/92/03.
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product of the Virasoro generator L,, and the N — 1 generators V,i’;f,, We would like to
conclude therefore that the relation of our algebra to the S Diff,(5%) symmetries is not clear.

Let A denote the set of the additional generators V,ﬁ{,i’, associated with the generators
Ly, of the Virasoro algebra (1). Letm e Z, M and N e Nand k € {1,2,..., N}. We put
V,,?’ W= V! = L,. Let us introduce some binary operation {,} defined on the space A,
such that:

(A, A= A @)

define the fractional extension of the Virasoro algebra, by the following relation:

1 c
EING AN (k- NN 2 kN ol N
<V,,,,M,V,,§M),—mw(zm—kn)v(m,,w’ "t pmlm” = DS by

1
+ W(c;k — eym(sh — gEN g (3)

where k,1 € {1,2,..., N, m,neZ and M, N € N. By the symbol ((k+! — N)/N).. we
denote the conditiont

E+1—-N>0 : (4)

and ¢;, ¢z are some constraints.
It is easy to see that the above formula (3) is equivalent to the following system:

1 c ma3 m

| t 1

(Vm/M1 Vﬂ/M> = H(m —n)v[m-f-n)/M + '1_2 [(H) - (E):l Sm,_n (Sﬂ)
N 1 - N

Vo V";M) = 'j,_f“ﬁ(lm -N ")anjwn)m (56)

. _ T .
Vit V) = 7 (i = Em) VS0

i -~ I . -
+ m(clk ~ e)m& 3y _,y k,leil,2,....N-1} (3¢)

which we call the fractional-graded Virasoro algebra.

Proposition. The algebraic system (3) forms a Lie algebra, i.e. the operation {,} is
skewsymmetric;

k ! y
(Vilits Varagd = —(Virags Vi) (6)

m n

and satisfies the Jacobi identity:

N kN PN EIN o LN N 1N N kiN
Vi VR VAN 4 (Ve AV VS (Ve (VL Vi) = 0, 7
Progf. The skewsymmetry of (3) is obvious. It is easy to check, that for the classical part
{c = ¢ = () the Jacobi identity (7} is fulfilled, thus we prove only the existence of the
second central term in (3).

i ;‘I;t;’e l():{mdition {4} is equivalent to constraints imposed on the generators with the negative upper indices, i.e.

<
Vm,fM =0.
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Let us assume that the central extension of the algebra (3), has the form:

e

(Varatr Vafa) = Vingits Vafas) + cAn i ®
where

A'gjﬂﬁ% eC and ceC,
Additionally, we assume that:

A = AL = ALY, ®

From the Jacobi identity (7) we get the following 2-co-cycle equation:

€ /N ((R+H-N}/N) kN, ((+p-N)/N)
m[(lm - kn)A‘f/M‘(m,]_ﬂ)!M N + (Pn - ZS)AM/M,(H-I—.Z)/M[ *

N, k=N)/N,
+ (ks — pm) ALRCPRCAN) < @, (10)

If p =k =!I = N then from (10} we obtain the equation describing the standard 2-co-cycles
of the Virasoro algebra (52).
From the structure of the algebra (3) and Jacobi identity (7) it follows that:

((26—N)/N
p=N  k=l#N  ad A SH 0 0 (11)

as well as s = —m — n. Thus, from (10) and (11) we get the 2-co-cycle equation of the
form:

¢ .
S Ln -+ fom k) A0y — (N ke k) A7 ) = 0 (12)
which has the following general solution:
1
Ay = ~i ek £ e2)m8* NN ot mpa. (13)
0

From the structure of the algebra (3) it follows that the 2-co-cycle (13) describe the
non-rivial central terms, because it cannot be eliminated by the change of the basis V,ﬁﬁ,.
Indeed, consider the shift:

7kIN k[N ~
VmﬁM = ijM — ¢8msm 0 (14)

If k=N and é = ¢/24M, then from (5¢) we get the modified Virasoro algebra:

- 1 - c ymn3
(ang/,u: VJ}M) = E(m - n)v(}n.pn)/M + E (H) "Sm/M.—n/M- (15)

Ifkefl,2,....,N—1}and ¢ = ¢;/2MN, then from (5¢) we have:

(G Ny

o (el c
e Vi pUkH=NI/N), _ C2 mak.fam'_n_ (16)

1
- m(lm — kn) (m+n)/M MN

Thus one can check that the central term of the form (c;/MN) is always non-trivial,
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Example. Let N = 3, then from (5) it follows that the 1/3-graded Virasoro algebra has the
form:

Vonags Vigaa) = (0 = BV + 162 [(%)3 - %} SmjM.—nfM

W an[ﬁ') ‘lM {(m — 311)":,,’:3.,,, M

Vigors VI = 530m = 300V a7
(Vn]zﬁf- ;:f::) jw(ci + CoYmBpmsM —ns1

2 1
<Vr3fﬂl’ V://::} = m("’ MWV ot ayy + a7 261+ C)mbnat,-nfut
Let us consider the properties of the algebra (3).
(i) If N = M =1 then assuming that k,! € {1,2,3,...}, we obtain the wq, algebra
considered in [7}:

(VE V1Y = (m — kmy VA 4 %m(m2 — 1), . (18)
In this case the second central term in (3) disappear and the generator V,f, has the
conformal dimension Ay =k + 1.
(ii) The new property of the fractional-graded algebra (3) is the existence of the iwo
limits N — oo; ifk ~» 1 and I — 1, then:

Jim ( Vil Vaopet = 0 (19)

and if k = oo as well as [ — oo, then;

hm ( nfiﬁ' V,{ﬁ\,;) — <anz/M' Vn[jM>' (20

In the limit (20) the second central term in (3) depends on the value of the central charges
¢y and ¢;. From the formula (19) it follows that the conformal dimenstons Ay x and A,y
of the generators V, o 7 and V,:ff,, are converging to the unity (A; 5 -+ 1), while from (20)
we can see that Amm — 2. Thus, if the condition (4) is satisfied, the algebra (3) describes

the families of the conformal densities with the dimensions:

k
Apn = |:N + 1} €(1,2) 21)
where NeNand k€ {l1,2,..., N}

These families are presented in table 1.

We note here that due to the condition (4) the gradation 1/M of the lower indices
(‘modes’) m and n has a secondary meaning. It is only important when we study the
representations of the algebra (3).

One can see that the dimensions (21) of conformal families (table 1) are different
from the ones described in the parafermion theory. The Zy parafermion algebra of
Zamolodchikov and Fateev [8] contains N —1 parafermion currents ¢, m = 1,2, ..., N—1.
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Table 1, The conformal families of the generators of fractional-graded Virasoro algebra (3), for

different M.
N Conformal dimensions Additional commentary
[ 2.3,4,... Wes algebra
ifk,1=12734,...
2 Virasoro algebra
ifk=I=1
2 32 k=12
3 $.32 k=123
537
4 2312 ki=1,234
o0 =1 Kac-Moody type algebras
ifk—landi =1
-2 Virasoro algebra

ifk—=>ocand! — oo

It follows from the Zy symmetry of the model that these currents are primary fields of
the Virasoro algebra with conformal dimension A, = m(N - m)/N. Analogously, the
conformal field theories based on 2 G ® G/ G coset space [9] do not contain the series of
the type in table 1.

The main problem connected with the constrained algebra (3} is to find their highest
weight representations [3] and the current algebra associated with the ‘modes’ algebra (3).

All of the standard parafermion theories start from the fractional current algebra, where
the operator product expansion among the currents has the generic form:

Vi @Y, (0) = gyl — w)™ S TH (U )+ fiplz = w) TR )+ (22)
k .

where g;; and fj; are the structure constants.

When fractional powers of (z — w) appear in (22), some of the currents will necessarily
have fractional dimensions. In this case, the algebra is non-local, due to the presence of
Riemann cuts in the complex plane. This is the main reason why it is difficult to realize
the ‘modes’ algebra (3) as the fractional current algebra, using the standard methods of
conformal field theory. To this end, we need to find the systematic procedure of computation
of the ‘fractional modes algebra’ from expressions of the type (22) and vice-versa (one can
find some examples in [8, 10]).

The author would like to thank J Lukierski and Z Popowicz for many valuable comments.
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